IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Selection rules for Shubnikov space groups

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1978 J. Phys. A: Math. Gen. 11 2353
(http://iopscience.iop.org/0305-4470/11/12/002)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 30/05/2010 at 15:17

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/11/12
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen,, Vol. 11, No. 12, 1978. Printed in Great Britain

Selection rules for Shubnikov space groups
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Abstract, The theory of induced PUA representations and selection rules developed in a
previous paper is applied to the Shubnikov space groups. In particular we derive for each
type of Shubnikov space group an expression which governs the vanishing of matrix
elements of irreducible tensor operators.

1. Introduction

As is well known from the results of Bargmann (1954) and Wigner (1939) the Hilbert
space ¥ of state vectors of a physical system with a symmetry group G carries a
projective unitary-antiunitary (PUA) representation 7 of G. All relevant physical
information is contained in matrix elements (¢5° O%e;"). Here the vectors ¢5°
form a basis for # and transform under T as

T(g)¢n' =2 Dim(g)dn" Vge G (1.1)

where D? is an irreducible PUA representation of G with the same factor system as 7.
The index a denotes that there may be more than one subset of basis functions
transforming according to D*. Further O* is an irreducible tensor operator trans-
forming according to the irreducible UA representation D* of G:

T(g)OkT(g) ' =2 Diu(g)0O% Vge G (1.2)

In a previous paper (van den Broek 1978, hereafter referred to as I) we derived
selection rules for these matrix elements, especially for the case where the irreducible
PUA representations of G are obtained with the procedure of generalised induction
given by Shaw and Lever (1974). In this paper we will apply the results of I to the
Shubnikov space groups. For the Shubnikov space groups of type I these selection
rules have already been obtained for the case of vector representations (Bradley 1966,
Cracknell and Davies 1976, § 4.7 of Bradley and Cracknell 1972). The definitions of
a factor system, of a PUA representation and of an induced PUA representation have
been given in I and will therefore not be repeated here.

Since Shubnikov space groups are infinite groups one usually applies periodic
boundary conditions to make the groups finite and the irreducible PUA represen-
tations finite-dimensional. Here we will not apply period boundary conditions, but
consider only finite-dimensional irreducible PUA representations.
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2. Selection rules for Shubnikov space groups of types I and III

Let G be a Shubnikov space group of type I or III, H its subgroup of translations and
G, its non-magnetic subgroup. The Shubnikov point groups K and K are defined by
G/H and Go/H respectively. The identities of H and K will be denoted by e and E
respectively. Elements of G will be denoted by (¢, R) where re H and Re K. We
define (¢, R) by its action on space-time:

(t, R)(x;t)=(Rx +t+1Ir; €rt) (2.1)
where €g is defined by
1 ifReK,
= 2.2
R=1-1 ifReK, @.2)

and tg is a fixed non-primitive translation associated with R. The multiplication of
elements of G is given by

(t, RY(t',R)=(t+Rt'+m(R,R'), RR') (2.3)
where the mapping m: K X K - H is given by
m(R,R’)=tR +R1R‘=tRR'. (24)

Let ¢4, t; and ¢; be basic translations of H. Then each element ¢ of H can be written as
t = nit +nyty + nst; for some integers ny, n; and n;. In the sequel we shall identify ¢
with the column vector with entries ny, n, and n3. Moreover each element R of K is
given by the integer 3 X 3 matrix which represents R with respect to the basic vectors
t1, t; and £, which is also denoted by R.

Let o be a factor system of G. From two previous papers (van den Broek
1977a, b) it follows that we can choose the basic translations and the factor system o
from its equivalence class in such a way that

a((t, R)(t',R)=v(t, Rt)y(t+Rt', m(R, R))v(R,R")P(R, t') (2.5)

where
y(t, t')=exp[-2mi(tT At")]. (2.6)
Here ¢ denotes the transpose of ¢t and A is a 3 X 3 matrix of the form
0 m/2N 0O
A=|—-m/2N 0 0 2.7)
0 0 0

where m and N are integers with no common factor.
Furthermore, for each Re K there exists a symmetric 3x3 matrix B® with
half-integer elements and a column vector k(R) such that

erRR'TAR™'—~ A =BR (mod 1) (2.8)
and
P(R, t)=exp(mit 'R"BRRt) exp(~2mik(R) . Rt). (2.9)

So the factor system o is given by m, N, the vectors k(R), the matrices BX and the
mapping v: K X K -> U(1).
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The irreducible PUA representations of G with factor system o are obtained from
the irreducible pu representations of H with factor system y with the procedure of
generalised induction (for a brief description of this procedure see van den Broek
1977b). The irreducible PU representations of H with factor system <y are all N-
dimensional and labelled by a vector k, the three components of which run through
the interval [0, 1). Their matrix elements are given by

k k k
exp[%ﬂ(}—vltl +X[%lz+k3f3 +‘NE>(]'_1')_%[1(% fz"’]')}
[Dk(t)]u =

if (t2+j—i/N)isinteger (2.10)
0 otherwise.

For each R € K the PU representation D% of H is defined by

D&%(t)=[D*(R™'0)]*P*(R,R't) (2.11)
where, if M is a scalar or a matrix, M~ is defined by
M REK()
MR = 2.12
M* ReK, ( )

and the asterisk denotes complex conjugation.

With the criterion derived in van den Broek (1977b) one can easily check whether
or not D* and D‘;z are equivalent.

Let K* be the subgroup of K defined by K* ={R e K|D% ~ D*}. The orbit of D*
is defined by Orb(D*)={D%|R €K} and the little group L* of D* is defined by
L*={(t, R)|R e K*}. For each R € K* there exists a unitary matrix Ug(R) with the
property

D*(t)= U«(R)DR(HUL' (R). (2.13)
If we define
Ui(t, R)=D*(1)Ux(R) V(r, R)e L* (2.14)

then Uy is a PUA representation of L* with a factor system w which can be shown to
be of the form (van den Broek 1976, 1977a)

w((@ R)t',R))=v(t RtYy(t+Rt',m(R, R )i (R, RHP(R. t'). (2.15)

Thus the factor system (o § (L* X L*))o™ reduces to a factor system vu* of K. If E is
an irreducible PUA representation of K* with factor system vu*, then A, defined by

A(t, R)=Ux(t, R)® E(R) V(t,R)e L* (2.16)

is an irreducible PUA representation of L* with factor system o (L*xL*). A
complete set of inequivalent irreducible PUA representations of G with factor system
o is given by {D|D = A, G}, where A is given by equation (2.16); E runs through a
complete set of inequivalent irreducible PUA representations of K * with factor system
vr® and, from each orbit of irreducible pU representations of H with factor system v,
one representative is taken.

In I we deduced that the matrix elements (¢5°, Ofé}"?) can only be non-zero if the
trivial UA representation of G occurs in the triple direct product D* ® D*" ® D*
(notation as in the introduction). Suppose that the irreducible PUA representations D’
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and D" of G with factor system o and the irreducible Ua representation D* of G
have been obtained with the procedure of generalised induction as described above:

D* =A"1G, D* =A"1G, D" =A1G.

A*, A® and A” have the form of equation (2.16) and are defined on L*', L* and L*
respectively, which are the little groups of D*, D* and D* respectively. Here D*
and D* are irreducible PU representations of H with factor system v and are given by
equation (2.10), and D*" is a one-dimensional representation of H:

D*'(t)= exp(2mik" . t). (2.17)
Now factorise G into double cosets as follows:

G=Y L*e R)L¥

and let LY be given by L¥ = (e, R)L* (e, R,) ' and LF* by L¥ ~L* for each double
coset representatative (e, R;). Again factorise G into double cosets for each i as
follows:

G=Y L¥*e R LY
f
and define Lf‘, and M by L,", = (e, R,»,,«)L"”(e, R,-,,)”1 and M = L,", AL¥*~ G, respec-

tively. Note that M is a subgroup of Go and contains H as an invariant subgroup. The
PUA representation A7 of L¥ with factor system o | (L¥ x L¥) is defined by

Af((e’ Ri)(t’ R)(e’ Rl)_l)
=o((e, R)(# R)(e, R)™', (e, R))o*((e, R.), (£, R)A(r, R)I®

v(t, R)eL¥ (2.18)
and the UA representation A, of L}, by
Af((e, R.)(t, R)e, R,.)Y ) =[A* (¢, R)® V(t, R)e L* (2.19)

From I it follows that the trivial UA representation of G occurs in the triple direct
product D* ® D ® D" if and only if the trivial representation of M occurs in the
triple direct product (Af;{ M)® (AT M)* ® (A" | M) for some i and j. This is the case
if and only if

Y TrA%e, R)Tr A (,, R)TrA*(t, R)# 0 (2.20)
(LR)eM
for some i and /.

For irreducible unitary vector representations the summation over the translations
in the left-hand side of equation (2.20) can be carried out, giving the desired selection
rules immediately (Bradley 1966, Bradley and Cracknell 1972). However, this is not
possible in the general case, since D* and D* are N-dimensional instead of one-
dimensional. Let us therefore consider the subgroup H; of H, defined by

H,={teH|t;=nN;t,=n;N; ny, n, integer}. (2.21)

This subgroup has two important properties; it is invariant under the matrices R of K
(van den Broek 1977b) and on H;, D* and D* are multiples of the unit matrix

D*(Qr)=[exp{2mi(k. t — s mNt )} (2.22)
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and similarly for k', where | is the N-dimensional unit matrix and Q is given by

N 0 0
Q=|0 N o] (2.23)
0 0 1

Any te¢ H can uniquely be written as t= Qs +w, where se H, 0s=w;, w, <N and
wsz = 0. Our purpose is to write equation (2.20) for each / and j in the form

ZRh(W;R)Zfz(S;w;R)#O (2.24)

and then to carry out the summation over s.

Therefore we will evaluate the three traces appearing in equation (2.20), put all
factors not depending on s in f; and forget about them; it will turn out that f, is
independent of w and R. Of these calculations only an outline will be given. The
result is given in equation (2.30). Let us first consider the term Tr Af(¢, R). We first
use equation (2.19), then use the fact that A* is a UA representation of L*" to split off
the term [A*(R;; Qs, E)]®+ and finally apply the equations (2.16) and (2.14). We
then find that the only term dependent on s is exp{2mieg k" . R;.!'Os}.

Next consider the term Tr A”(¢, R). We can split off the term A”(Qs, E) since A" is
a PUA representation of L* and then use equation (2.5) to handle the factor system.
Applying the equations (2.16), (2.14) and (2.10) shows that the s-dependent terms are
y*(Os, w)exp{[2mi(k . s — 3 mNs;s2)}.

Finally we consider the term Tr Af(t, R). First we use equation (2.18) and then
split off the term [A"*(R,-'los, E)]%. The factor systems are handled again with
equation (2.5). If we now apply the equations (2.16), (2.14) and (2.10) we find that
the s-dependent terms are

y*(Qs, m(R, R;))y(Qs, m(R;, RT'RR,))

yR(R'Qs, R7'w—m(R7', R)+ R 'm(R, R)+m(R", RR)))
P(R,R;'Qs+R;'w—m(R7', R)+R;'m(R, R)+m(R;', RR)))

exp{—2mier (k'. Q'R Qs ~imN(Q'R; ' Qs)1(Q 'R Qs)y))}. (2.25)
From equation (3.4) of van den Broek (1976) it follows that
P(R,R;'Qs+R'w-m(R;',R)+R;'m(R, R)+m(R;', RR)))= P(R, R;' Qs)
P(R,R;'w—m(R',R)+R;'m(R, R)+m(R;', RR,))

v(Qs, w—Rim(R;', R)+m(R, R)+Rm (R, RR)))
y*R(R'0s, R7'w —m(R;", R)+R;'m(R, R)+m(R7", RR))). (2.26)

Now we take the s-dependent factors of the three terms together, substitute the
right-hand side of equation (2.26) for its left-hand side, leave out the second term of
this right-hand side since it does not depend on s and simplify the result using the
relations

v(t, t)=v*(t, —t) Ve, t'ceH (2.27)

y(t, '+t =y, )y, t") vt t"eH (2.28)
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which follow immediately from equation (2.6}, and
m(R,RY+m(RR',R")=m(R,R'R"Y+Rm(R',R") VR,R',R"eK (2.29)

which follows immediately from the definition of the mapping m: K X K - H. Finally
we find that f3(s; w; R) is independent of w and R and, if we use equation (2.9), is
given by

fas)=exp[2miler k" . R;' Qs —exk'. Q"'R; Qs
+5inNer (Q'RTQs)(Q'R Qs )y +k . s

— i mNsis,+5sTQBR:Qs — k(R,) . Os}]. (2.30)
Let us first consider the function ¢ (s) defined by
¢(s)=3mNer (Q"'R7'Qs}(Q 'R Qs),— L mNs,s5,+ 5 sTQBRQs. (2.31)
Then
d(s+s)—d(s)—d(s)=imNers QR "Q'CQ 'R Qs' ~ 1 mNs"Cs' +sTQBRQs’
(2.32)
where
01 0
c={1 0 of. (2.33)
0 0 0

From equation (2.8) it follows that
BR =—-egR'"TBR IR (mod 1). (2.34)

Therefore the right-hand side of equation (2.32) is equal (mod 1) up to a sign to the
rlght hand side of equation (4.20) of van den Broek (1977b) (if s is replaced by ¢ and
R; " by R). But this right-hand side was proved to be an integer; thus ¢ (s +s')—
& (s)— o (s') is integral and we may write

d(s)=p(R).s (mod 1). (2.35)
From equation (2.31) it follows that we can choose p(R;) by

eRm

[P(R)]x = okk(R”)lk(Rr‘)zk +1QLBE. (2.36)

Equation (2.30) now becomes

f2(s)=exp{2mis. (er, QR k" — e, QR " Q 'k’ + k ~ Qk(R))+ p(R))}. (2.37)
So Z, f>(s) is equal to zero unless

€r, QR k"—er,OR; " Q 'k’ +k - Qk(R)+p(R)=0 (mod 1) (2.38)

and our final result is that the matrix elements (¢5°, O%®!*) are equal to zero for each
m, k and / unless there exist values for i and j such that equation (2.38) holds. Note
that the results of Bradley (1966) and Bradley and Cracknell (1972) for the case of
unitary representations are re-obtained by putting e, = €z, = 1, k(R,) = p(R;) =0 and
replacing Q by the unit matrix.
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3. Selection rules for Shubnikov space groups of types II and IV

Since the derivation of selection rules for the Shubnikov space groups of type II and
type IV is in many respects analogous to the derivations of the previous section, we
will not give here the complete derivation; instead we will restrict ourselves to
mentioning the differences with the previous section.

Let G be a Shubnikov space group of type II and G its unitary subgroup which is a
type I Shubnikov space group. The notation of elements of G will be as in the
previous section. Elements of G will be denoted by (¢, R, €) where (¢, R)e G and €
equals =1. We define (¢, R, €) by its action on space-time:

(t, R, e)(x;t)=(Rx+1t+1tg;et) (3.1)
The multiplication of elements of G is given by
(t,R,e)(t',R",eY=(+Rt'+m(R,R"), RR/, e¢'). (3.2)

Let w be a factor system of G. From van den Broek (1977a, b) it follows that @ can be
chosen from its equivalence class in such a way that

w((t,R,e),(t',R", eN=ca((t, R),(t, R))N(e,e)M(e; (t', R")) (3.3)

where o is a factor system of G which has all the properties of the previous section,
and M has the properties

MO, R)=1 V(t, R)e G (3.4)
and
M(-1, (¢, E))=exp2mi[(m/N)tit2+ k_, . t]} (3.5)

for some vector k_;.

For each irreducible PU representation D* of H with factor system v, and each
coset representative (e, R, €) of G with respect to H, the irreducible PU representation
DZ‘R,E) of H is defined by

D{ro(t)=[D*(R7'0)].P*(R, R t)M*(e; (R™'t, E)) (3.6)

where, if M is a scalar or a matrix, M, is defined by M, =M and M_; = M*,
Analogous to the derivation of equation (2.20) we obtain

Y TrA4( R D)TrAY(r, R,1)TrA* (£, R, 1)#0 (3.7)

(LR 1NeM

the only difference with the previous section being that the double coset represen-
tatives are given here by (e, R, ;) and (e, R;; €;;) and the upper indices R are
replaced by lower indices e. The first and the third terms in equation (3.7) are handled
in exactly the same way as the corresponding terms of equation (2.20). The s-
dependent factors of the second term are given by equation (2.25) (where the upper
index R; of the third factor is replaced by the lower index ¢;) and the term

M(e; (R7'Qs +R'w—m(R;', R)+R;'m(R, R)+m(R7!, RR))), R7'RR)).

Again we can write equation (2.26) (without the upper index R; of the last factor of
the right-hand side) and for the new term we can write with equation (3.4) of van den
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Broek (1976)
M(e; (R7'Qs + R 'w —m(R7', R)+ R 'm(R, R)+m(R,', RR,), RT'RR,))
=M(e; (R7'Qs, EYM (e (R7'w —m(R7', R)+ R 'm(R, R))
+m(R;',RR)), RT'RR))5(e:)y*(R7'Qs, R7'w —m(R7, R))
+R'm(R, R)+m(R7', RR))) (3.8)

where 6(¢;) is defined by §(1)=0 and §(-1)=1.

For f,(s) we obtain an expression analogous to equation (2.30); however, there is
now an extra factor M (e;; (R,-_le, E)). If we define k., to be the zero vector we can
write from equations (3.4) and (3.5)

M(e;; (R Qs, E))=exp(2mQR; k., . 5). (3.9)

Therefore the final result is that the matrix elements (¢5°, Otd!"®) are equal to zero
for each m, k and [ unless there exist values for i and j such that

€.0R; " k"-€OR;"Q k' +k — Qk(R)+p(R)+QR; 'k, =0 (mod 1)
(3.10)

Now let G be a Shubnikov space group of type [V and G its unitary subgroup. The
notation of elements of G will be as before, and elements of G will be denoted by
(t, R, ¢) where (f, R)e G and € equals 1. The action of (¢, R, €) on space-time is
given by

(t, R, e)(x;t)=(Rx+t+1tr+6(c)Rty, €t) (3.11)

where 8(e) is defined by §(1)=0 and 8(—1)=1; ¢ is a translation which does not
belong to the subgroup H of translations of G, but 2¢, does belong to H. The
multiplication of elements of G is given by

(t, R,e)(t',R',e)y=(t+Rt'+m(R, R')+5(¢)Rto—~&(e)e'RR’'ty, RR', e€’). (3.12)
Let w be a factor system of G. From van den Broek (19774, b) it follows that w can be
chosen from its equivalence class in such a way that
w((t,R,€), (t', R, €"))
=o((t, R), (t, R)e)o ((t, RXt', R')., n(e, €' )N (e, € )M(e; (', R"))  (3.13)

where o is a factor system of G which has all the properties of the previous section;
n(e, €') is given by

n(l,)=n(l,-1)=n(-1,1)=(e, E)
and

n(—=1,-1)= (21, E).

(t, R)e is given by (t, R), =(t, R) and (t, R)_1 = (¢t + to — Rty, R), and M satisfies equa-
tions (3.4) and (3.5).

The derivation of the selection rules in this case is analogous to the case of
Shubnikov space groups of type II. The only difference is the appearance of the
translation £, in the calculations, but in the final result £, cancels, so we obtain again
equation (3.10) as a necessary condition of the non-vanishing of matrix elements.
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